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GEOMETRIC FORMULAS

Formulas for area A, perimeter P, circumference C, volume V :

Rectangle Box

A � l„ V � l„ h

P � 2l � 2„

Triangle Pyramid
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1
2

� bh V � �
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Circle Sphere

A � �r 2 V � �
4
3

��r 3

C � 2�r A � 4�r 2

Cylinder Cone

V � �r 2h V � �
1
3

��r 2h

HERON’S FORMULA

Area � �s 1�s��� a�2 1�s��� b�2 1�s��� c�2�
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EXPONENTS AND RADICALS
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SPECIAL PRODUCTS

1x � y22 � x 2 � 2xy � y 2

1x � y22 � x 2 � 2xy � y 2

1x � y23 � x 3 � 3x 2y � 3xy 2 � y 3

1x � y23 � x 3 � 3x 2y � 3xy 2 � y 3

FACTORING FORMULAS

x 2 � y 2 � 1x � y2 1x � y2
x 2 � 2xy � y 2 � 1x � y22
x 2 � 2xy � y 2 � 1x � y22
x 3 � y 3 � 1x � y2 1x 2 � xy � y 22
x 3 � y 3 � 1x � y2 1x 2 � xy � y 22

QUADRATIC FORMULA

If ax 2 � bx � c � 0, then

x �

INEQUALITIES AND ABSOLUTE VALUE

If a � b and b � c, then a � c.

If a � b, then a � c � b � c.

If a � b and c � 0, then ca � cb.

If a � b and c � 0, then ca � cb.

If a � 0, then

⏐x⏐ � a means x � a or x � �a.

⏐x⏐ � a means �a � x � a.

⏐x⏐ � a means x � a or x � �a.

�b 	 �b�2��� 4�a�c�
��
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b
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ac
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DISTANCE AND MIDPOINT FORMULAS

Distance between P11x1, y12 and P21x2, y2 2 :
d � � 1x�2��� x�12�2��� 1�y2� �� y�12�2�

Midpoint of P1P2: a�x1 �

2

x2.
�, �

y1 �

2

y2.
�b

LINES 

Slope of line through 
P11x1, y12 and P21x2, y2 2
Point-slope equation of line y � y1 � m 1x � x12
through P11x1, y12 with slope m

Slope-intercept equation of y � mx � b
line with slope m and y-intercept b

Two-intercept equation of line
with x-intercept a and y-intercept b

LOGARITHMS

y � loga x means a y � x

loga ax � x a loga x � x

loga 1 � 0 loga a � 1

log x � log10 x ln x � loge x

loga xy � loga x � loga y loga a�
x
y

�b � loga x � loga y

loga xb � b loga x logb x �

EXPONENTIAL AND LOGARITHMIC FUNCTIONS
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GRAPHS OF FUNCTIONS

Linear functions: f 1x2 � mx � b

Power functions: f 1x2 � xn

Root functions: f 1x2 � �n
x�

Reciprocal functions: f 1x2 � 1/xn

Absolute value function Greatest integer function
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POLAR COORDINATES

x � r cos 


y � r sin 


r2 � x2 � y 2

tan 
 � �
y

x
�

SUMS OF POWERS OF INTEGERS

�
n

k�1 

1 � n �
n

k�1 

k �
n1n � 12

2
��

�
n

k�1 

k2 �
n 1n � 12 12n � 12
��

6 �
n

k�1 

k3 �
n21n � 122

4
��

THE DERIVATIVE

The average rate of change of f between a and b is

f 1b2 � f 1a2
b � a

��

The derivative of f at a is

f�1a2 � lim
x�a 

f 1x2 � f 1a2
x � a

��

f�1a2 � lim
h�0 

f 1a � h2 � f 1a2
h

��

AREA UNDER THE GRAPH OF f

The area under the graph of f on the interval [a, b] is the limit
of the sum of the areas of approximating rectangles

A � lim
n��

�
n

k�1
f 1xk2� x

where

�x � �
b �

n
a

�

xk � a � k �x

x

y

0

r

¨
x

y

P (x, y)
P (r, ¨)

COMPLEX NUMBERS

For the complex number z � a � bi

the conjugate is 

the modulus is ⏐z⏐ � �a2 � b2����
the argument is 
, where tan 
 � b/a

Polar form of a complex number

For z � a � bi, the polar form is

z � r 1cos 
 � i sin 
2
where r � ⏐z⏐ is the modulus of z and 
 is the argument of z

De Moivre’s Theorem

z n � 	r 1cos 
 � i sin 
 2
n � rn 1cos n
 � i sin n
 2
�n z� � 	r 1cos 
 � i sin 
 2
1�n

� r 1�n acos �

 �

n
2k�
� � i sin �


 �

n
2k�
�b

where k � 0, 1, 2, . . . , n � 1

ROTATION OF AXES

Rotation of axes formulas

x � X cos 
 � Y sin 


y � X sin 
 � Y cos 


Angle-of-rotation formula for conic sections

To eliminate the xy-term in the equation

Ax2 � Bxy � Cy2 � Dx � Ey � F � 0

rotate the axis by the angle 
 that satisfies

cot 2
 � �
A �

B
C

�

0

P(x, y)
P(X, Y)

Y

X

ƒ
x

y

Re

Im
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0 a bx⁄ x¤ x‹ xk-1 xk

Îx

f(xk)
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xi

P R E FA C E

What do students really need to know to be prepared for calculus? What tools do instruc-
tors really need to assist their students in preparing for calculus? These two questions have
motivated the writing of this book.

To be prepared for calculus a student needs not only technical skill but also a clear un-
derstanding of concepts. Indeed, conceptual understanding and technical skill go hand in
hand, each reinforcing the other. A student also needs to gain an appreciation for the power
and utility of mathematics in modeling the real world. Every feature of this textbook is de-
voted to fostering these goals.

In writing this Sixth Edition our purpose is to further enhance the utility of the book as an
instructional tool for teachers and as a learning tool for students. There are several major
changes in this edition including a restructuring of each exercise set to better align the exer-
cises with the examples of each section. In this edition each exercise set begins with Concepts
Exercises, which encourage students to work with basic concepts and to use mathematical vo-
cabulary appropriately. Several chapters have been reorganized and rewritten (as described
below) to further focus the exposition on the main concepts; we have added a new chapter on
vectors in two and three dimensions. In all these changes and numerous others (small and
large) we have retained the main features that have contributed to the success of this book.

New to the Sixth Edition
■ Exercises More than 20% of the exercises are new. This includes new Concept Ex-

ercises and new Cumulative Review exercises. Key exercises are now linked to ex-
amples in the text.

■ Book Companion Website A new website www.stewartmath.com contains Dis-
covery Projects for each chapter and Focus on Problem Solving sections that high-
light different problem-solving principles outlined in the Prologue.

■ CHAPTER 2 Functions This chapter has been completely rewritten to focus more
sharply on the fundamental and crucial concept of function. The material on quadratic
functions, formerly in this chapter, is now part of the chapter on polynomial functions.

■ CHAPTER 3 Polynomial and Rational Functions This chapter now begins with a
section on quadratic functions, leading to higher degree polynomial functions.

■ CHAPTER 4 Exponential and Logarithmic Functions The material on the natural
exponential function is now in a separate section.

■ CHAPTER 5 Trigonometric Functions: Unit Circle Approach This chapter in-
cludes a new section on inverse trigonometric functions and their graphs. Introduc-
ing this topic here reinforces the function concept in the context of trigonometry.
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■ CHAPTER 6 Trigonometric Functions: Right Triangle Approach This chapter in-
cludes a new section on inverse trigonometric functions and right triangles (Section
6.4) which is needed in applying the Laws of Sines and Cosines in the following
section, as well as for solving trigonometric equations in Chapter 7.

■ CHAPTER 7 Analytic Trigonometry This chapter has been completely revised.
There are two new sections on trigonometric equations (Sections 7.4 and 7.5). The
material on this topic (formerly in Section 7.5) has been expanded and revised.

■ CHAPTER 8 Polar Coordinates and Parametric Equations This chapter is now more
sharply focused on the concept of a coordinate system. The section on parametric
equations is new to this chapter. The material on vectors is now in its own chapter.

■ CHAPTER 9 Vectors in Two and Three Dimensions This is a new chapter with a
new Focus on Modeling section.

■ CHAPTER 10 Systems of Equations and Inequalities The material on systems of
nonlinear equations is now in a separate section.

■ CHAPTER 11 Conic Sections This chapter is now more closely devoted to the
topic of analytic geometry, especially the conic sections; the section on parametric
equations has been moved to Chapter 8.

Teaching with the Help of This Book
We are keenly aware that good teaching comes in many forms, and that there are many
different approaches to teaching the concepts and skills of precalculus. The organization
of the topics in this book is designed to accommodate different teaching styles. For ex-
ample, the trigonometry chapters have been organized so that either the unit circle ap-
proach or the right triangle approach can be taught first. Here are other special features
that can be used to complement different teaching styles:

EXERCISE SETS The most important way to foster conceptual understanding and hone
technical skill is through the problems that the instructor assigns. To that end we have
provided a wide selection of exercises.

■ Concept Exercises These exercises ask students to use mathematical language to
state fundamental facts about the topics of each section.

■ Skills Exercises Each exercise set is carefully graded, progressing from basic skill-
development exercises to more challenging problems requiring synthesis of previ-
ously learned material with new concepts.

■ Applications Exercises We have included substantial applied problems that we be-
lieve will capture the interest of students.

■ Discovery, Writing, and Group Learning Each exercise set ends with a block of
exercises labeled Discovery ■ Discussion ■ Writing. These exercises are designed to
encourage students to experiment, preferably in groups, with the concepts devel-
oped in the section, and then to write about what they have learned, rather than sim-
ply look for the answer.

■ Now Try Exercise . . . At the end of each example in the text the student is directed
to a similar exercise in the section that helps reinforce the concepts and skills devel-
oped in that example (see, for instance, page 4).

■ Check Your Answer Students are encouraged to check whether an answer they ob-
tained is reasonable. This is emphasized throughout the text in numerous Check
Your Answer sidebars that accompany the examples. (See, for instance, page 52).

A COMPLETE REVIEW CHAPTER We have included an extensive review chapter primar-
ily as a handy reference for the basic concepts that are preliminary to this course.

■ Chapter 1 This is the review chapter; it contains the fundamental concepts from al-
gebra and analytic geometry that a student needs in order to begin a precalculus
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course. As much or as little of this chapter can be covered in class as needed, de-
pending on the background of the students.

■ Chapter 1 Test The test at the end of Chapter 1 is designed as a diagnostic test for
determining what parts of this review chapter need to be taught. It also serves to
help students gauge exactly what topics they need to review.

FLEXIBLE APPROACH TO TRIGONOMETRY The trigonometry chapters of this text have
been written so that either the right triangle approach or the unit circle approach may be
taught first. Putting these two approaches in different chapters, each with its relevant ap-
plications, helps to clarify the purpose of each approach. The chapters introducing
trigonometry are as follows:

■ Chapter 5 Trigonometric Functions: Unit Circle Approach This chapter intro-
duces trigonometry through the unit circle approach. This approach emphasizes that
the trigonometric functions are functions of real numbers, just like the polynomial
and exponential functions with which students are already familiar.

■ Chapter 6 Trigonometric Functions: Right Triangle Approach This chapter in-
troduces trigonometry through the right triangle approach. This approach builds on
the foundation of a conventional high-school course in trigonometry.

Another way to teach trigonometry is to intertwine the two approaches. Some instruc-
tors teach this material in the following order: Sections 5.1, 5.2, 6.1, 6.2, 6.3, 5.3, 5.4, 5.5,
5.6, 6.4, 6.5, and 6.6. Our organization makes it easy to do this without obscuring the fact
that the two approaches involve distinct representations of the same functions.

GRAPHING CALCULATORS AND COMPUTERS We make use of graphing calculators and
computers in examples and exercises throughout the book. Our calculator-oriented exam-
ples are always preceded by examples in which students must graph or calculate by hand,
so that they can understand precisely what the calculator is doing when they later use it
to simplify the routine, mechanical part of their work. The graphing calculator sections,
subsections, examples, and exercises, all marked with the special symbol , are optional
and may be omitted without loss of continuity. We use the following capabilities of the
calculator.

■ Graphing, Regression, Matrix Algebra The capabilities of the graphing calculator
are used throughout the text to graph and analyze functions, families of functions,
and sequences; to calculate and graph regression curves; to perform matrix algebra;
to graph linear inequalities; and other powerful uses.

■ Simple Programs We exploit the programming capabilities of a graphing calcula-
tor to simulate real-life situations, to sum series, or to compute the terms of a recur-
sive sequence. (See, for instance, pages 787 and 791.)

FOCUS ON MODELING The “modeling” theme has been used throughout to unify and
clarify the many applications of precalculus. We have made a special effort to clarify the
essential process of translating problems from English into the language of mathematics
(see pages 214 and 636).

■ Constructing Models There are numerous applied problems throughout the book
where students are given a model to analyze (see, for instance, page 228). But the
material on modeling, in which students are required to construct mathematical
models, has been organized into clearly defined sections and subsections (see for
example, pages 213, 340, and 427).

■ Focus on Modeling Each chapter concludes with a Focus on Modeling section.
The first such section, after Chapter 1, introduces the basic idea of modeling a real-
life situation by fitting lines to data (linear regression). Other sections present ways
in which polynomial, exponential, logarithmic, and trigonometric functions, and
systems of inequalities can all be used to model familiar phenomena from the sci-
ences and from everyday life (see for example pages 296, 357, and 427).
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BOOK COMPANION WEBSITE A website that accompanies this book is located at 
www. stewartmath.com. The site includes many useful resources for teaching precalcu-
lus, including the following:

■ Discovery Projects Discovery Projects for each chapter are available on the web-
site. Each project provides a challenging but accessible set of activities that enable
students (perhaps working in groups) to explore in greater depth an interesting as-
pect of the topic they have just learned. (See for instance the Discovery Projects
Visualizing a Formula, Relations and Functions, Will the Species Survive?, and
Computer Graphics I and II.)

■ Focus on Problem Solving Several Focus on Problem Solving sections are avail-
able on the website. Each such section highlights one of the problem-solving prin-
ciples introduced in the Prologue and includes several challenging problems. (See
for instance Recognizing Patterns, Using Analogy, Introducing Something Extra,
Taking Cases, and Working Backward.)

MATHEMATICAL VIGNETTES Throughout the book we make use of the margins to pro-
vide historical notes, key insights, or applications of mathematics in the modern world.
These serve to enliven the material and show that mathematics is an important, vital ac-
tivity, and that even at this elementary level it is fundamental to everyday life.

■ Mathematical Vignettes These vignettes include biographies of interesting
mathematicians and often include a key insight that the mathematician discovered
and which is relevant to precalculus. (See, for instance, the vignettes on Viète,
page 49; Salt Lake City, page 84; and radiocarbon dating, page 333).

■ Mathematics in the Modern World This is a series of vignettes that emphasizes
the central role of mathematics in current advances in technology and the sciences
(see pages 283, 700, and 759, for example).

REVIEW SECTIONS AND CHAPTER TESTS Each chapter ends with an extensive review
section including the following.

■ Concept Check The Concept Check at the end of each chapter is designed to get
the students to think about and explain in their own words the ideas presented in
the chapter. These can be used as writing exercises, in a classroom discussion set-
ting, or for personal study.

■ Review Exercises The Review Exercises at the end of each chapter recapitulate
the basic concepts and skills of the chapter and include exercises that combine the
different ideas learned in the chapter.

■ Chapter Test The review sections conclude with a Chapter Test designed to help
students gauge their progress.

■ Cumulative Review Tests The Cumulative Review Tests following Chapters 4, 7,
9, 11, and 13 combine skills and concepts from the preceding chapters and are de-
signed to highlight the connections between the topics in these related chapters.

■ Answers Brief answers to odd-numbered exercises in each section (including the
review exercises), and to all questions in the Concepts Exercises and Chapter
Tests, are given in the back of the book.
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INSTRUCTOR RESOURCES
Printed
Complete Solution Manual
ISBN-10: 0-8400-6880-8; ISBN-13: 978-0-8400-6880-4
The complete solutions manual provides worked-out solutions to all of the problems in the
text.

Instructor's Guide ISBN-10: 0-8400-6883-2; ISBN-13: 978-0-8400-6883-5
Doug Shaw, author of the Instructor Guides for the widely used Stewart calculus texts,
wrote this helpful teaching companion. It contains points to stress, suggested time to al-
lot, text discussion topics, core materials for lectures, workshop/discussion suggestions,
group work exercises in a form suitable for handout, solutions to group work exercises,
and suggested homework problems.

Media
Enhanced WebAssign ISBN-10: 0-538-73810-3; ISBN-13: 978-0-538-73810-1
Exclusively from Cengage Learning, Enhanced WebAssign® offers an extensive online
program for Precalculus to encourage the practice that's so critical for concept mastery.
The meticulously crafted pedagogy and exercises in this text become even more effective
in Enhanced WebAssign, supplemented by multimedia tutorial support and immediate
feedback as students complete their assignments. Algorithmic problems allow you to as-
sign unique versions to each student. The Practice Another Version feature (activated at
your discretion) allows students to attempt the questions with new sets of values until they
feel confident enough to work the original problem. Students benefit from a new Premium
eBook with highlighting and search features; Personal Study Plans (based on diagnostic
quizzing) that identify chapter topics they still need to master; and links to video solutions,
interactive tutorials, and even live online help.

ExamView Computerized Testing
ExamView® testing software allows instructors to quickly create, deliver, and customize
tests for class in print and online formats, and features automatic grading. Includes a test
bank with hundreds of questions customized directly to the text. ExamView is available
within the PowerLecture CD-ROM.

Solution Builder www.cengage.com/solutionbuilder
This online instructor database offers complete worked solutions to all exercises in the
text, allowing you to create customized, secure solutions printouts (in PDF format)
matched exactly to the problems you assign in class. 

A N C I L L A R I E S
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PowerLecture with ExamView
ISBN-10: 0-8400-6901-4; ISBN-13: 978-0-8400-6901-6
This CD-ROM provides the instructor with dynamic media tools for teaching. Create, de-
liver, and customize tests (both print and online) in minutes with ExamView® Computer-
ized Testing Featuring Algorithmic Equations. Easily build solution sets for homework or
exams using Solution Builder's online solutions manual. Microsoft® PowerPoint® lecture
slides and figures from the book are also included on this CD-ROM.

STUDENT RESOURCES
Printed
Student Solution Manual
ISBN-10: 0-8400-6879-4; ISBN-13: 978-0-8400-6879-8
Contains fully worked-out solutions to all of the odd-numbered exercises in the text, giv-
ing students a way to check their answers and ensure that they took the correct steps to ar-
rive at an answer.

Study Guide ISBN-10: 0-8400-6917-0; ISBN-13: 978-0-8400-6917-7
This carefully crafted learning resource helps students develop their problem-solving
skills while reinforcing their understanding with detailed explanations, worked-out ex-
amples, and practice problems. Students will also find listings of key ideas to master. Each
section of the main text has a corresponding section in the Study Guide.

Media

Enhanced WebAssign ISBN-10: 0-538-73810-3; ISBN-13: 978-0-538-73810-1
Exclusively from Cengage Learning, Enhanced WebAssign® offers an extensive online
program for Precalculus to encourage the practice that's so critical for concept mastery.
You'll receive multimedia tutorial support as you complete your assignments. You'll also
benefit from a new Premium eBook with highlighting and search features; Personal Study
Plans (based on diagnostic quizzing) that identify chapter topics you still need to master;
and links to video solutions, interactive tutorials, and even live online help.

Book Companion Website
A new website www.stewartmath.com contains Discovery Projects for each chapter and
Focus on Problem Solving sections that highlight different problem-solving principles
outlined in the Prologue.

CengageBrain.com
Visit www.cengagebrain.com to access additional course materials and companion re-
sources. At the CengageBrain.com home page, search for the ISBN of your title (from the
back cover of your book) using the search box at the top of the page. This will take you
to the product page where free companion resources can be found.

Text-Specific DVDs ISBN-10: 0-8400-6882-4; ISBN-13: 978-0-8400-6882-8
The Text-Specific DVDs include new learning objective based lecture videos. These
DVDs provide comprehensive coverage of the course—along with additional explana-
tions of concepts, sample problems, and applications—to help students review essential
topics.
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TO  T H E  S T U D E N T

This textbook was written for you to use as a guide to mastering precalculus mathemat-
ics. Here are some suggestions to help you get the most out of your course.

First of all, you should read the appropriate section of text before you attempt your
homework problems. Reading a mathematics text is quite different from reading a novel,
a newspaper, or even another textbook. You may find that you have to reread a passage
several times before you understand it. Pay special attention to the examples, and work
them out yourself with pencil and paper as you read. Then do the linked exercises referred
to in “Now Try Exercise . . .” at the end of each example. With this kind of preparation
you will be able to do your homework much more quickly and with more understanding.

Don’t make the mistake of trying to memorize every single rule or fact you may come
across. Mathematics doesn’t consist simply of memorization. Mathematics is a problem-
solving art, not just a collection of facts. To master the subject you must solve problems—
lots of problems. Do as many of the exercises as you can. Be sure to write your solutions
in a logical, step-by-step fashion. Don’t give up on a problem if you can’t solve it right
away. Try to understand the problem more clearly—reread it thoughtfully and relate it to
what you have learned from your teacher and from the examples in the text. Struggle with
it until you solve it. Once you have done this a few times you will begin to understand
what mathematics is really all about.

Answers to the odd-numbered exercises, as well as all the answers to each chapter test,
appear at the back of the book. If your answer differs from the one given, don’t immedi-
ately assume that you are wrong. There may be a calculation that connects the two an-
swers and makes both correct. For example, if you get 1/( ) but the answer given
is 1 � , your answer is correct, because you can multiply both numerator and de-
nominator of your answer by � 1 to change it to the given answer. In rounding ap-
proximate answers, follow the guidelines in the Appendix: Calculations and Significant
Figures.

The symbol is used to warn against committing an error. We have placed this sym-
bol in the margin to point out situations where we have found that many of our students
make the same mistake.

12
12

12 � 1
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A B B R E V I AT I O N S

cm centimeter mg milligram
dB decibel MHz megahertz
F farad mi mile
ft foot min minute
g gram mL milliliter
gal gallon mm millimeter
h hour N Newton
H henry qt quart
Hz Hertz oz ounce
in. inch s second
J Joule � ohm
kcal kilocalorie V volt
kg kilogram W watt
km kilometer yd yard
kPa kilopascal yr year
L liter °C degree Celsius
lb pound °F degree Fahrenheit
lm lumen K Kelvin
M mole of solute ⇒ implies

per liter of solution ⇔ is equivalent to
m meter
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P1

P R O L O G U E PRINCIPLES OF PROBLEM SOLVING

The ability to solve problems is a highly prized skill in many aspects of our lives; it is cer-
tainly an important part of any mathematics course. There are no hard and fast rules that
will ensure success in solving problems. However, in this Prologue we outline some gen-
eral steps in the problem-solving process and we give principles that are useful in solv-
ing certain problems. These steps and principles are just common sense made explicit.
They have been adapted from George Polya’s insightful book How To Solve It.

1. Understand the Problem
The first step is to read the problem and make sure that you understand it. Ask yourself
the following questions:

What is the unknown?
What are the given quantities?
What are the given conditions?

For many problems it is useful to

draw a diagram

and identify the given and required quantities on the diagram. Usually, it is necessary to

introduce suitable notation

In choosing symbols for the unknown quantities, we often use letters such as a, b, c, m,
n, x, and y, but in some cases it helps to use initials as suggestive symbols, for instance,
V for volume or t for time.

2. Think of a Plan
Find a connection between the given information and the unknown that enables you to
calculate the unknown. It often helps to ask yourself explicitly: “How can I relate the
given to the unknown?” If you don’t see a connection immediately, the following ideas
may be helpful in devising a plan.

� Tr y  t o  R e c o g n i z e  S o m e t h i n g  Fa m i l i a r

Relate the given situation to previous knowledge. Look at the unknown and try to recall
a more familiar problem that has a similar unknown.

GEORGE POLYA (1887–1985) is famous
among mathematicians for his ideas on
problem solving. His lectures on prob-
lem solving at Stanford University at-
tracted overflow crowds whom he held 
on the edges of their seats, leading
them to discover solutions for them-
selves. He was able to do this because
of his deep insight into the psychology
of problem solving. His well-known
book How To Solve It has been trans-
lated into 15 languages. He said that
Euler (see page 266) was unique
among great mathematicians because
he explained how he found his results.
Polya often said to his students and
colleagues,“Yes, I see that your proof is
correct, but how did you discover it?” In
the preface to How To Solve It, Polya
writes,“A great discovery solves a great
problem but there is a grain of discov-
ery in the solution of any problem. Your
problem may be modest; but if it chal-
lenges your curiosity and brings into
play your inventive faculties, and if you
solve it by your own means, you may
experience the tension and enjoy the
triumph of discovery.”
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� Tr y  t o  R e c o g n i z e  P a t t e r n s

Certain problems are solved by recognizing that some kind of pattern is occurring. The
pattern could be geometric, numerical, or algebraic. If you can see regularity or repetition
in a problem, then you might be able to guess what the pattern is and then prove it.

� U s e  A n a l o g y

Try to think of an analogous problem, that is, a similar or related problem but one that is
easier than the original. If you can solve the similar, simpler problem, then it might give
you the clues you need to solve the original, more difficult one. For instance, if a prob-
lem involves very large numbers, you could first try a similar problem with smaller num-
bers. Or if the problem is in three-dimensional geometry, you could look for something
similar in two-dimensional geometry. Or if the problem you start with is a general one,
you could first try a special case.

� I n t r o d u c e  S o m e t h i n g  E x t r a

You might sometimes need to introduce something new—an auxiliary aid—to make 
the connection between the given and the unknown. For instance, in a problem for which
a diagram is useful, the auxiliary aid could be a new line drawn in the diagram. In a more
algebraic problem the aid could be a new unknown that relates to the original unknown.

� Ta k e  C a s e s

You might sometimes have to split a problem into several cases and give a different ar-
gument for each case. For instance, we often have to use this strategy in dealing with ab-
solute value.

� Wo r k  B a c k w a r d

Sometimes it is useful to imagine that your problem is solved and work backward, step
by step, until you arrive at the given data. Then you might be able to reverse your steps
and thereby construct a solution to the original problem. This procedure is commonly
used in solving equations. For instance, in solving the equation 3x � 5 � 7, we suppose
that x is a number that satisfies 3x � 5 � 7 and work backward. We add 5 to each side of
the equation and then divide each side by 3 to get x � 4. Since each of these steps can be
reversed, we have solved the problem.

� E s t a b l i s h  S u b g o a l s

In a complex problem it is often useful to set subgoals (in which the desired situation is
only partially fulfilled). If you can attain or accomplish these subgoals, then you might be
able to build on them to reach your final goal.

� I n d i r e c t  R e a s o n i n g

Sometimes it is appropriate to attack a problem indirectly. In using proof by contradic-
tion to prove that P implies Q, we assume that P is true and Q is false and try to see why
this cannot happen. Somehow we have to use this information and arrive at a contradic-
tion to what we absolutely know is true.

� M a t h e m a t i c a l  I n d u c t i o n

In proving statements that involve a positive integer n, it is frequently helpful to use the
Principle of Mathematical Induction, which is discussed in Section 12.5.

3. Carry Out the Plan
In Step 2, a plan was devised. In carrying out that plan, you must check each stage of the
plan and write the details that prove that each stage is correct.

P2 Prologue
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4. Look Back
Having completed your solution, it is wise to look back over it, partly to see whether any
errors have been made and partly to see whether you can discover an easier way to solve
the problem. Looking back also familiarizes you with the method of solution, which may
be useful for solving a future problem. Descartes said, “Every problem that I solved be-
came a rule which served afterwards to solve other problems.”

We illustrate some of these principles of problem solving with an example.

P R O B L E M | Average Speed

A driver sets out on a journey. For the first half of the distance, she drives at the leisurely
pace of 30 mi/h; during the second half she drives 60 mi/h. What is her average speed on
this trip?

THINKING ABOUT THE PROBLEM

It is tempting to take the average of the speeds and say that the average speed for
the entire trip is

But is this simple-minded approach really correct?
Let’s look at an easily calculated special case. Suppose that the total distance

traveled is 120 mi. Since the first 60 mi is traveled at 30 mi/h, it takes 2 h. The 
second 60 mi is traveled at 60 mi/h, so it takes one hour. Thus, the total time is 
2 � 1 � 3 hours and the average speed is

So our guess of 45 mi/h was wrong.

S O L U T I O N

We need to look more carefully at the meaning of average speed. It is defined as

Let d be the distance traveled on each half of the trip. Let t1 and t2 be the times taken for
the first and second halves of the trip. Now we can write down the information we have
been given. For the first half of the trip we have

and for the second half we have

Now we identify the quantity that we are asked to find:

To calculate this quantity, we need to know t1 and t2, so we solve the above equations for
these times:

t1 �
d

30
  t2 �

d

60

average speed for entire trip �
total distance

total time
�

2d

t1 � t2

60 �
d

t2

30 �
d

t1

average speed �
distance traveled

time elapsed

120

3
� 40 mi/h

30 � 60

2
� 45 mi/h

Prologue P3

Introduce notation �

Try a special case �

Understand the problem �

State what is given �

Identify the unknown �

Connect the given
with the unknown �
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Now we have the ingredients needed to calculate the desired quantity:

So the average speed for the entire trip is 40 mi/h. ■

P R O B L E M S
1. Distance, Time, and Speed An old car has to travel a 2-mile route, uphill and down.

Because it is so old, the car can climb the first mile—the ascent—no faster than an average
speed of 15 mi/h. How fast does the car have to travel the second mile—on the descent it can
go faster, of course—to achieve an average speed of 30 mi/h for the trip?

2. Comparing Discounts Which price is better for the buyer, a 40% discount or two suc-
cessive discounts of 20%?

3. Cutting up a Wire A piece of wire is bent as shown in the figure. You can see that one
cut through the wire produces four pieces and two parallel cuts produce seven pieces. How
many pieces will be produced by 142 parallel cuts? Write a formula for the number of pieces
produced by n parallel cuts.

4. Amoeba Propagation An amoeba propagates by simple division; each split takes 
3 minutes to complete. When such an amoeba is put into a glass container with a nutrient
fluid, the container is full of amoebas in one hour. How long would it take for the container
to be filled if we start with not one amoeba, but two?

5. Batting Averages Player A has a higher batting average than player B for the first half
of the baseball season. Player A also has a higher batting average than player B for the sec-
ond half of the season. Is it necessarily true that player A has a higher batting average than 
player B for the entire season?

6. Coffee and Cream A spoonful of cream is taken from a pitcher of cream and put into a
cup of coffee. The coffee is stirred. Then a spoonful of this mixture is put into the pitcher of
cream. Is there now more cream in the coffee cup or more coffee in the pitcher of cream?

7. Wrapping the World A ribbon is tied tightly around the earth at the equator. How
much more ribbon would you need if you raised the ribbon 1 ft above the equator every-
where? (You don’t need to know the radius of the earth to solve this problem.)

8. Ending Up Where You Started A woman starts at a point P on the earth’s surface
and walks 1 mi south, then 1 mi east, then 1 mi north, and finds herself back at P, the start-
ing point. Describe all points P for which this is possible. [Hint: There are infinitely many
such points, all but one of which lie in Antarctica.]

 �
120d

2d � d
�

120d

3d
� 40

Multiply numerator and
denominator by 60

 �
6012d 2

60 a d

30
�

d

60
b

average speed �
2d

t1 � t1
�

2d

d

30
�

d

60

P4 Prologue

Don’t feel bad if you can’t solve these
problems right away. Problems 1 and 4
were sent to Albert Einstein by his
friend Wertheimer. Einstein (and his
friend Bucky) enjoyed the problems
and wrote back to Wertheimer. Here is
part of his reply:

Your letter gave us a lot of
amusement. The first intelli-
gence test fooled both of us
(Bucky and me). Only on work-
ing it out did I notice that no
time is available for the down-
hill run! Mr. Bucky was also
taken in by the second example,
but I was not. Such drolleries
show us how stupid we are!

(See Mathematical Intelligencer, Spring
1990, page 41.)
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Many more problems and examples that highlight different problem-solving principles are
available at the book companion website: www.stewartmath.com. You can try them as
you progress through the book.
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889

A P P E N D I X Calculations and Significant Figures

Most of the applied examples and exercises in this book involve approximate values. For
example, one exercise states that the moon has a radius of 1074 miles. This does not mean
that the moon’s radius is exactly 1074 miles but simply that this is the radius rounded to
the nearest mile.

One simple method for specifying the accuracy of a number is to state how many signifi-
cant digits it has. The significant digits in a number are the ones from the first nonzero digit
to the last nonzero digit (reading from left to right). Thus, 1074 has four significant digits,
1070 has three, 1100 has two, and 1000 has one significant digit. This rule may sometimes
lead to ambiguities. For example, if a distance is 200 km to the nearest kilometer, then the
number 200 really has three significant digits, not just one. This ambiguity is avoided if we
use scientific notation—that is, if we express the number as a multiple of a power of 10:

2.00 �102

When working with approximate values, students often make the mistake of giving a
final answer with more significant digits than the original data. This is incorrect because
you cannot “create” precision by using a calculator. The final result can be no more ac-
curate than the measurements given in the problem. For example, suppose we are told that
the two shorter sides of a right triangle are measured to be 1.25 and 2.33 inches long. By
the Pythagorean Theorem, we find, using a calculator, that the hypotenuse has length

� 2.644125564 in.

But since the given lengths were expressed to three significant digits, the answer cannot
be any more accurate. We can therefore say only that the hypotenuse is 2.64 in. long,
rounding to the nearest hundredth.

In general, the final answer should be expressed with the same accuracy as the least-
accurate measurement given in the statement of the problem. The following rules make
this principle more precise.

As an example, suppose that a rectangular table top is measured to be 122.64 in. by
37.3 in. We express its area and perimeter as follows:

Area � length � width � 122.64 � 37.3 � 4570 in2

Perimeter � 2Ólength � widthÔ � 2Ó122.64 � 37.3Ô � 319.9 in. Tenths digit

Note that in the formula for the perimeter, the value 2 is an exact value, not an approxi-
mate measurement. It therefore does not affect the accuracy of the final result. In general,
if a problem involves only exact values, we may express the final answer with as many
significant digits as we wish.

Note also that to make the final result as accurate as possible, you should wait until the
last step to round off your answer. If necessary, use the memory feature of your calcula-
tor to retain the results of intermediate calculations.

Three significant
digits

21.252 � 2.332

RULES FOR WORKING WITH APPROXIMATE DATA

1. When multiplying or dividing, round off the final result so that it has as many
significant digits as the given value with the fewest number of significant digits.

2. When adding or subtracting, round off the final result so that it has its last
significant digit in the decimal place in which the least-accurate given value
has its last significant digit.

3. When taking powers or roots, round off the final result so that it has the same
number of significant digits as the given value.
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Abel, Niels Henrik, 263
Absolute value, 8–9

of complex numbers, 556
equations, 54, 87
properties of, 9

Absolute value function, 156, 159
Absolute value inequalities, 78
Acute angle, 608
Addition

of complex numbers, 265
graphical, of functions, 192
of inequalities, 73
of matrices, 662–664
of polynomials, 25
of rational expressions, 37–38
of vectors, 580, 582, 583

Addition and subtraction formulas,
500–507

Additive identity, 4
Adleman, Leonard, 284
Agnesi, Maria Gaetana, 565
Ahmes (Rhind papyrus scribe), 694
Algebraic errors

avoiding, 41
counterexamples, 43–44

Algebraic expressions, 24–34, 35
domain of, 35
multiplying, 25–26

Alternating current, modeling, 417–418
AM (amplitude modulation) radio, 395
Ambiguous case, of solving triangles,

470–473, 475
Amortization schedule, 814
Amplitude, 389, 390

decaying, 395
harmonic motion and, 413
period and, 391–393
variable, 394–395

Amplitude modulation (AM) radio, 395
Analogy, used in problem solving, P2
Ancillary circle of ellipse, 740
Angle measure, 434–443

Area problem, calculus, 872–880
approximating area with calculator, 880
under a curve, 877–879
defined, 876–879
estimating using rectangles, 873–874
under graphs, 884–886
limit of approximating sums, 874–875

Area problems, modeling, 59–61
Areas, formulas for, inside front cover
Argument of complex number, 557
Aristarchus of Samos, 446
Aristotle, 219
Arithmetic mean, 799–800
Arithmetic sequences, 794–800

defined, 795
partial sums, 796

Arrow diagram, of functions, 143
Arrow notation, 278
Assets, division of, 796
Associative Property, 3
Astroid, 570
Asymptotes, 277–279

defined, 279
horizontal, 279, 281–287, 866–867
of hyperbolas, 743, 746
of rational functions, 280–288
slant, 286–287
vertical, 279, 280–288, 399–401, 844

Atmospheric pressure formula, 339
Augmented matrix, 649, 650
Automotive design, 238
Average rate of change, 172–179, 861
Avogadro’s number, 23
Axes. See also Rotation of axes

of a conic, 767
coordinate, 598
of ellipses, 734, 735
of hyperbolas, 742
of parabolas, 725–727
polar axis, 542
real and imaginary, 555

Axis of symmetry, parabolas, 724

Angles. See also Trigonometric functions,
of angles

acute, 608
angle of depression, 446
angle of elevation, 446
angle of incidence, 523
angle of inclination, 446
angle of refraction, 523
bond, 609
central, of tetrahedron, 609
defined, 434
direction angles of a vector, 606–608
equations with trigonometric functions of

multiples of, 526–528
obtuse, 608
quadrantal, 452
reference, 454–456
in right triangles, solving for,

464–465
standard position of, 435–437
supplement of, 471
between vectors, 591, 606

Angular speed, 438–439
Annual percentage yield, 307
Annuities

calculating amount of, 808–810
in perpetuity, 813–814
present value of, 810–811

Aphelion, 740, 772
Apolune, 740
Approximate data, rules for working with,

889
Arccosine function, 408, 463
Archimedes, 71, 383, 729, 859
Architecture, conics in, 776–779
Arcsine function, 407, 463
Arctangent function, 409, 463
Area

of circular sector, 438
of a parallelogram, 613–614
of a triangle, 458–459, 479–480, 614,

689–690, 692

I N D E X

I1
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Back-substitution
in nonlinear systems, 699
solving linear equations, 630, 631, 641,

642, 652, 653
Base, change of, 328–329
Base 10 logarithm, 319–320
Bearing, 478
Beer-Lambert Law, 336, 364
Bell, E.T., 663
Bernoulli, Johann, 567
Best fit

exact fit vs., 648
finding, 130–135, 296–298
measuring, 134–135
polynomials of, 296–298

Bhaskara, 66
Binomial coefficients, 822–824
Binomial expansion, 821–826
Binomials, 24, 820
Binomial Theorem, 824–827
Bits, changing words/sound/pictures 

to, 30
Blood pressure, systolic and diastolic, 397
Boltzmann Law, 171
Bond angle, 609
Bounded regions, of planes, 707
Boyle’s Law, 120, 122
Brahe, Tycho, 754
Brams, Steven, 796
Branches, of hyperbolas, 742

CAD (computer-aided design), 238
Calculators

calculations and significant digits, 889
evaluating trigonometric functions, 381,

400, 407
graphing calculators, 96–98, 167–168,

393–395, 551, 567–568, 842, 848, 880
as graphing device, 393
radian mode, 381

Calculus
addition and subtraction formulas in,

502
preview of. See Limits

Cancellation, simplifying rational
expressions by, 36

Cancellation properties, 407, 408, 409
Cardano, Gerolamo, 263, 274
Cardioid, 549, 552
Carrier signals, radio, 395
Carrying capacity, 362
Cartesian plane, 83–84, 181. See also

Coordinate plane
CAT (Computer Aided Tomography) scan,

759
Catenary, 310
Cayley, Arthur, 674
Center

of ellipse, 734
of hyperbola, 742
of sphere, 600

Central angle of tetrahedron, 609
Central box, of hyperbolas, 743, 744
Change of Base Formula, 328–329
Chevalier, Auguste, 254
Chu Shikie, 822
Circadian rhythms, 422, 431
Circles, 88–90, 723

ancillary, of ellipse, 740
area of, 147
equations of, 88, 89–90
graphing, 88–89, 98
involute of a, 571
as polar graph, 552

Circular arc, length of, 437–438
Circular function. See Trigonometric

functions
Circular motion, 438–439
Circular sector, area of, 438
Closed curves, 568
Codes, unbreakable, 284
Coefficient matrix, 677
Coefficients

binomial, 822–824
correlation, 134–135
of polynomials, 232, 235

Cofactors, determinant of matrix,
682–683

Cofunction identities, 494, 502
Collinear points, 118, 692
Column transformations, of determinants,

685–686
Combining logarithmic expressions,

326–327
Comets, paths of, 745
Common (base 10) logarithms, 319–320
Common difference of sequence, 795
Common ratio of geometric sequence, 800
Commutative Property, 3
Complete Factorization Theorem, 270–271
Completing the square, 48
Complex conjugates, 265–266, 268, 269

Conjugate Zeros Theorem, 274, 277
Complex numbers, 264–269

arithmetic operations on, 265–266
complex roots of quadratic equations,

267–268, 269
defined, 264
De Moivre’s Theorem, 559
graphing, 555–556
multiplication and division of, 558–559
polar (trigonometric) form of, 556–559
roots of, 560–562
square roots of negative numbers,

266–267
Complex plane, 555
Complex roots, of quadratic equations,

267–268, 269
Complex zeros, 269–277
Component form of a vector, 581–582, 603
Composite function, 192–195
Compound fractions, 38–40

Compound interest, 306–307, 309, 339
annuities and, 808–810
continuously compounded, 312
formula for, 306
using logarithmic equations for, 337–338,

339
Computer-aided design (CAD), 238
Computer Aided Tomography (CAT) scan,

759
Computer graphics

applying matrices to generation of,
668–669, 693

rotating an image, 765
Computers

applications of, 182
as graphing device, 393

Confocal conics
family of, 757
hyperbolas, 749
parabolas, 757

Conics. See also by type
in architecture, 776–779
basic shapes of, 723
confocal, 749, 757
degenerate, 754–755
equivalent description of, 766
graphing rotated, 761–762
identifying and sketching, 768–769, 770
identifying by discriminant, 763–764
polar equations of, 765–772
shifted, 750–757
simplifying general equation for,

759–762
Conjecture, mathematical induction and,

814
Conjugate hyperbolas, 748
Conjugate Zeros Theorem, 274, 277
Constant(s)

damping, 418
of proportionality, 119, 120
spring, 122, 421, 886

Constant coefficient, 232
Constant function, 153
Constant rate of change, 176
Constant term, 232
Constraints, 707, 716, 717
Continuous functions, 157, 233, 851
Continuously compounded interest, 312
Contradiction, proof by, P2
Convergent sequence, 869
Cooling, Newton’s Law of, 346–347, 352,

837
Coordinate axes, 598
Coordinate geometry, 83–96

circles, 88–90
coordinate plane, 83–84
graphing equations, 86–87
intercepts, 87–88
symmetry, 90–91
three-dimensional, 597–603

Coordinate line (real number line), 6, 9

I2 Index
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Coordinate plane, 1, 83–84, 598
coordinates as addresses, 84
vectors in, 581–584

Coordinates. See Polar coordinates;
Rectangular coordinates

Correlation, 134–135
causation vs., 135

Correlation coefficient, 134–135
Cosecant function, 377

cosecant curves, 403–404
formula for, 452
graphing, 400–401, 403–404
inverse, 411
periodic properties, 399
special values of, 378
trigonometric ratios, 443

Cosine function, 377
addition and subtraction formulas for,

500–501
cosine curves, 388–389, 390, 394–395,

428–429
double-angle formula for, 508, 760
formula for, 452
graphing, 386–388
graphing transformations of, 388–393
half-angle formula for, 510
inverse cosine, 408–409, 462–464
Law of Cosines, 476–483
periodic properties of, 387
product-to-sum formula for, 513
shifted curves, 391, 392–393
special values of, 378
sum of sines and cosines, 504–505
sum-to-product formula for, 513
trigonometric ratios, 443

Cosines, direction, of a vector, 606–607
Cost function, 156–157
Cotangent function, 377

cotangent curves, 402, 403
formula for, 452
graphing, 400, 401–403
inverse, 411
periodic properties, 399
special values of, 378
trigonometric ratios, 443

Coterminal angles, 435–437
Counterexample, 43–44
Cramer’s Rule, 686–689
Cross product, 610–616

area of a parallelogram, 613–614
finding, 611
length of, 613
properties of, 611–613
volume of a parallelepiped, 614–615

Cross Product Theorem, 611–613
Cubic formula, 263
Cubic splines, 223, 234
Curtate cycloid (trochoid), 570
Curve

area under, 877–879
slope of a, 857

Index I3

Direct variation, 119
Discriminant

identifying conics by, 763–764
invariant under rotation, 763, 765
of quadratic formula, 50

Distance, between points on the real line, 9
Distance, rate, and time problems, 64–66
Distance formula, 84–85, 547

in three dimensions, 599–600
Distributive Property

combining like terms, 25
factoring with, 27–28
multiplying algebraic expressions, 25–26
real numbers and, 3–4

Divergent sequence, 869, 870
Dividends, 247
Division

of complex numbers, 265–266, 558–559
long, 246–248, 697
overview of, 5
of polynomials, 246–252
of rational expressions, 36–37
synthetic, 248–249

Division Algorithm, 247
Divisors, 5, 247
Domains

of algebraic expression, 35
of combined functions, 191
finding, from graphs, 163–164
of functions, 143, 146–147
of inverse functions, 201
of logarithmic functions, 321
of rational functions, 277
of trigonometric functions, 380

Doppler effect, 291, 422–423
Dot product, 589–597

calculating work, 594–595
component of u along v, 592–593
defined, 590
projection of u onto v, 593–594
properties of, 590
of vectors, 589–592, 605

Dot Product Theorem, 590–591
Double-angle formulas, 507, 508–509, 517,

760

e (number), 310
expressing a model in terms of, 344
logarithm with base e (natural logarithm),

320–321
Earthquakes, magnitude of, 348–349
Ebbinghaus, Hermann, 327, 364
Eccentricity

of a conic, 766, 767, 770
of an ellipse, 736–738
of planetary orbits, 738

Ecology, mathematical study of, 679
Economics, use of mathematics in, 810
Einstein, Albert, P4, 575, 686
Elementary row operations, 650–651
Elements, of sets, 6

Cycles, of vibration, 413
Cycloid

curtate (trochoid), 570
parametric equations, 567
prolate, 570

Damped harmonic motion, 418–420, 529
Damping constant, 418
Data

fitting sinusoidal curves to, 427–432
linearizing, 359–360
rules for working with approximate, 889

Daylight, modeling hours of, 416–417
Decibel scale, 349–350
Degenerate conics, 754–755
Degrees

as angle measure, 434
compared with radians, 435

Demand function, 206
De Moivre’s Theorem, 559
Denominators, 5

of partial fractions, 693–697
rationalizing, 20–21, 40

Dependent systems, linear equations, 633,
634–635, 643, 644–645, 655, 656–658

Dependent variables, 143
Depressed cubic, 263
Depression, angle of, 446
Derivatives, 860–861

defined, 860
estimating from graphs, 864
finding at a point, 860

Descartes, René, 83, 181, 256
Descartes’ Rule of Signs, 256
Determinants, 674, 682–693

areas of triangles, 689–690, 692
cofactors, 682–683
collinear points and, 692
expanding, about row and column, 684
invertibility criterion, 685
minors, 682–683
of order three, 611
of order two, 610
row and column transformations,

685–686
zero, matrices with, 692

Difference
of cubes, 29
of functions, 190, 191
of matrices, 662
of squares, 29–30

Difference quotients, 145, 174
Digital images, 668–669, 671–672
Digital numbers, 30
Diophantus, 20
Directed quantities. See Vectors
Direction angles of a vector, 606–608
Direction cosines, 606–607
Directrix, 724, 726, 766, 767
Direct substitution, finding limits using,

851–852
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Elevation, angle of, 446
Elimination method, 631–632

for solving system of nonlinear equations,
699–700

Ellipses, 441, 723, 732–741
ancillary circle of, 740
with center at origin, 734
constructing, 779
eccentricity of, 736–738
equation of, 734, 736, 737
foci of, 737
geometric definition of, 732
graphing shifted, 750–751
latus rectum of, 741
orbits of planets as, 738
rotating, 769–770
sketching, 735
vertices of, 734, 735

Elongation, 451, 475
Empty set �, 7
Encryption, 284
End behavior

of polynomials, 234–236, 237
of rational functions, 287–288

Envelope of lines, parabola as, 777
Epicycloid, 570
Equality

of matrices, 661–662
properties of, 44
of vectors, 580, 582

Equations, 1, 44–57. See also Systems of
equations; Systems of linear equations

absolute value, 54, 87
of circles, 88, 89–90
of an ellipse, 734
equivalent, 44
exponential, 331–333
false, 643
family of, 56
of functions, 158–159
graphic solutions for, 98–102
graph of, 86–87
of horizontal lines, 109–110
of a hyperbola, 742
involving fractional expressions, 52
involving fractional powers, 53
involving radicals, 52
linear, 45–46, 110–111, 113–115
of lines, 108–113
of lines in three-dimensional space,

616–618
logarithmic, 334–336
matrix, 667, 677–680
modeling with. See Mathematical models
nonlinear, 45
of a parabola, 725
polynomial, 258–259
Properties of Equality and, 44
quadratic, 46–51
of quadratic type, 53
roots of, 236

of a shifted conic, 754–755
solving by working backward, P2
solving for unknown functions, 198, 207
solving using analogy strategy, P2
two-intercept form of, 117
in two variables, 86–87
of vertical lines, 109–110

Equations, trigonometric, 493, 517–529
with functions of multiples of angles,

526–528
solving, 517–522
solving, on an interval, 465

Equivalent equations, 44
Equivalent inequalities, 73
Equivalent systems, 641–642
Eratosthenes, 441, 787
Error-correcting codes, 38
Euclid, 497
Eudoxus, 859
Euler, Leonhard, P1, 266, 310, 683
Even function, 185–186, 190, 198
Even-odd identities, 494
Even-odd properties, 382
Everest, Sir George, 472
Expanding a logarithmic expression, 326
Exponential data, linearizing, 360
Exponential equations, 331–333
Exponential form, 315–316
Exponential function, 301, 302–315

compared with power function, 305–306
compound interest, 306
family of, 304
graphs of, 303–306
natural, 310–315
transformations of, 305, 311

Exponential growth, 309
doubling time, 340–342
relative growth rate, 342–344

Exponential modeling, 340–347, 357–358,
361

Exponential notation, 12–13, 16–17
Exponents

fractional, 19, 31, 53
integer, 12–16
integer, exponential notation, 12–13
integer, zero and negative exponents, 13,

15–16
Laws of, 14–16, 19, 20, 302
rational, 19–20

Extraneous solutions, 52
Extreme values, using graphing devices for,

167–168

Factoring
common factors, 27–29
Complete Factorization Theorem,

270–271
completely, 31
complex zeros and, 272
differences and sums of cubes, 29, 30
differences of squares, 29–30

expressions with fractional exponents, 31
fifth-degree polynomial, 257–258
finding limit by canceling common

factors, 852
by grouping, 31–32
inequalities, 74–77
polynomials, 269–271, 272
solving trigonometric equations by,

521–522
by trial and error, 28, 29
trinomials, 28–29

Factoring formulas, 29
Factor Theorem, 250, 253
Fair division of assets, 796
Falling objects, instantaneous velocity of,

862
False equations, 643
Family

of equations, 56
of exponential functions, 304
of lines, graphing, 113
of logarithmic functions, 317
of polynomials, 242–243
of power functions, 154–155

Feasible region, 707–708, 717, 718, 719
Fechner, Gustav, 320
Fermat, Pierre de, 20, 83, 266
Ferrari, 263
Fibonacci, Leonardo, 787
Fibonacci numbers, 663, 787–788, 791,

794
Finance

mathematics of, 808–814
modeling using linear systems, 645–646

Flow lines of vector field, 627
FM (frequency modulation) radio, 395
Focal diameter, of parabolas, 727, 728
Focal length, 732
Focus

of a conic, 766
of an ellipse, 732, 735, 736
of a hyperbola, 741, 745–746
of a parabola, 724, 726, 732
prime, 732

FOIL method, 25, 26
Force

modeling, 586
resolving into components, 592–593

Forgetting, Law of (Forgetting Curve), 327,
364

Fourier, Jean Baptiste Joseph, 394, 501
Fourier analysis, 30
Four-leaved rose, 550, 552, 628
Frac command, in calculators, 676
Fractal image compression, 804
Fractals, 563, 804
Fractional exponents, 19, 31, 53
Fractional expressions, 35. See also

Rational expressions
compound fractions, 38–40
solving equations involving, 52

I4 Index
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Fractions
compound, 38–40
LCD and adding, 5–6
partial, 693–698
properties of, 5
writing repeated decimal as, 805

Frequency, harmonic motion and, 413
Frequency modulation (FM) radio, 395
Functions, 141–222

algebra of, 191
average rate of change and, 172–179
combining, 190–198
common examples of, 142–143
composition of, 192–195
defined, 143–144
demand, 206
domain of, 146–147
exponential, 301, 302–315
equations of, 158–159
evaluating, 144–146
even, 185–186, 190, 198
finding values of, from graph, 163–164
graphing, 152–161, 282–288, 291,

303–306
greatest integer, 156
identity, 207
increasing/decreasing, 164–166
inverse, 200–204
limits of, 840–848
linear, constant rate of change, 176
local maximum and minimum values of,

166–168
logarithmic, 301, 315–324, 347–350
methods for representing, 147–149
modeling with, 213–222
modeling with, guidelines for, 215
objective, 716, 717, 718, 719
odd, 185–186, 190, 198
one-to-one, 199–200, 202–203
polynomial, 223, 232–246, 296–298
power, 154–155, 159, 305–306, 358–361
rational, 277–292
transformations of, 179–190
trigonometric. See Trigonometric

functions
Fundamental identities, 382–384, 457, 494
Fundamental Principle of Analytic

Geometry, 86, 88
Fundamental Theorem of Algebra,

269–270

Galileo, Galilei, 575, 576
Galois, Evariste, 254, 263
Gateway Arch, 310
Gaudí, Antoni, 776
Gauss, Carl Friedrich, 269, 272, 652, 796
Gaussian elimination, 642, 651–654
Gauss-Jordan elimination, 654–655
Gear ratio, 484
General conic equation, simplifying,

759–762

Index I5

Great Trigonometric Survey of India, 472,
492

Grouping, factoring by, 31–32

Half-angle formulas, 507, 509–511
Half-life of radioactive elements, 344–345
Halley, Edmund, 852
Hamilton, William Rowan, 611
Hamming, Richard, 38
Hardy, G.H., 802
Harmonic mean, 799
Harmonic motion, 385, 412–423

damped, 418–420, 529
modeling periodic behavior, 412–418,

427–430
simple, 412–418, 533

Harmonic sequences, 799
Heating degree-hour, 887
Heaviside, Oliver, 843
Heaviside function, 843
Herons’ Formula, 479–480
Hilbert, David, 100, 683
Hilbert’s tenth problem, 663
Hipparchus, 444
Hooke’s Law, 122, 127, 886
Horizontal asymptotes, 279, 281–287,

866–867
Horizontal lines, 109–110, 199, 200
Horizontal line test, 199, 200
Horizontal shifts, of graphs, 180–182
Horizontal stretching and shrinking, of

graphs, 184–185
Huygens, Christian, 567
Hyperbolas, 723, 741–749

with center at origin, 742
confocal, 749
conjugate, 748
constructing, 778–779
degenerate, 755
equation of, 745–746
finding tangent line to, 858–859
geometric definition of, 741
rotating, 759
shifted, 752–754
sketching, 743–744
with transverse axis, 743–745

Hyperbolic cosine function, 313
Hyperbolic sine function, 313
Hypocycloid, 570
Hypothesis, induction, 816

Identities
addition and subtraction formulas for, 502
cofunction, 494, 502
even-odd, 494
Pythagorean, 382, 457, 494
reciprocal, 381, 382, 457, 494
trigonometric, 381, 382–384, 456–458,

493, 494–500, 524–526
Identity function, 207
Identity matrices, 672–673

Geometric mean, 806
Geometric sequences, 800–808
Geometry, analytic. See Conics; Ellipses;

Hyperbolas; Parabolas; Parametric
equations

Gibbs, Josiah Willard, 611
GIMPS (Great Internet Mersenne Prime

Search), 786
Global Positioning System (GPS), 700
Golden ratio, 791
Googol, 324
Googolplex, 324
Grads, measuring angles with, 443
Graphical addition, 192
Graphical solutions, 98–102

compared with algebraic method, 98, 99,
100–101

for equations, 98–102
for inequalities, 102–103
for systems of equations, 632–633
for systems of nonlinear equations,

700–701
using graphing calculator, 96–98

Graphing calculators, 154–155
approximating area with, 880
choosing viewing rectangle, 393–394
for extreme values of functions, 167–168
for graphing polar equations with, 551
for parametric curve graphs, 567–568
pitfalls of, 848
for trigonometric graphs, 393–395
using, 96–98
ZOOM and TRACE features of, 842

Graphing devices. See Graphing 
calculators

Graphing functions, 152–161
exponential functions, 303–306
getting information from, 163–172
with a graphing calculator, 154–155
logarithmic functions, 317–319, 321
rational functions, 282–288, 291

Graphs
of complex numbers, 555–556
of equations of two variables, 86–87
of inverse function, 203–204
of nonlinear inequalities, 703–705
of polar equations, 547–554
of polynomials, 233–243
reflecting, 182–183, 184
shifted, 750–754
shifts, horizontal, 180–182
shifts, vertical, 179–180, 182
stretching and shrinking, 183–185
of systems of inequalities, 705–710
of vector fields, 624–625

Gravity, Newton’s Law of, 46, 121, 171,
359, 626

Greater than (�), 6
Greatest integer function, 156, 159
Great Internet Mersenne Prime Search

(GIMPS), 786
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Image of x under f, 143
Imaginary axis, 555
Imaginary part, of complex numbers, 264
Incidence, angle of, 523
Inclination, angle of, 446
Inconsistent systems, linear equations, 633,

634, 643–644, 655–656
Independent variables, 143
Index of refraction, 523
Index of summation, 790
Induction, mathematical, P2, 814–820

conjecture and proof, 814–815
induction step, 815–816
principle of, 816–819
sums of powers and, 818

Induction hypothesis, 816
Inequalities, 73–82. See also Systems of

inequalities, graphing
absolute value, 78
equivalent, 73
graphic solutions for, 102–103
graphing, 703–705
linear, 74, 706
modeling with, 78–79
nonlinear, 74–77
proving by induction, 818–819
with repeated factors, 76
rules for, 73

Infinite geometric series, 804–805
Infinite series, 803–805
Infinity

limits at, 865–869
symbol, 7

Initial point, vectors, 580
Initial side, of angles, 434
Inner product, of matrices, 664–665
Input, in function as machine, 143
Installment buying, 811–812
Instantaneous rate of change, 174, 861–862

defined, 861
estimating, 862
instantaneous velocity of falling objects,

862
Integer exponents, 12–16
Integers, as real number type, 2
Intensity levels of sound, 320, 349–350
Intercepts, 87–88
Interest, on investment, 58–59
Intermediate Value Theorem for

Polynomials, 237
Intersect command, in calculators, 101
Intersections

finding intersection points, 525–526
of intervals, 8
of sets, 7

Intervals, 7–8
graphing, 7
increasing/decreasing functions, 165–166
open and closed, 7, 8
solving and equation in an interval, 101
test values for, 75–76
unions and intersections, 8

Invariants under rotation, 763, 765
Invariant Theory, 686
Inverse cosecant, 411
Inverse cosine, 408–409, 462–464
Inverse cotangent, 411
Inverse functions, 200–204

defined, 201
finding, 201–203
graphing, 203–204
linear functions becoming, 207
properties of, 201

Inverse numbers, 5
Inverse of matrices, 672–677, 678
Inverse sine, 462–463
Inverse square law for sound, 353
Inverse tangent, 462–464
Inverse trigonometric functions, 406–412,

462–469
cosecant function, 411
cosine function, 408–409, 462–464
cotangent function, 411
evaluating expressions involving,

465–467, 502–504
secant function, 410
sine function, 406–408, 463
solving for angles in right triangles using,

464–465
tangent function, 409–410, 463

Inverse variation, 120
Invertibility criterion, 685
Involute of a circle, 571
Irrational numbers, 2
Irreducible quadratic factor, 275, 695–697

Joint variation, 120–121
Jordan, Camille, 254

Kantorovich, Leonid, 716
Karmarkar, Narendra, 717
Kepler, Johannes, 358, 359, 738, 754
Kepler’s Third Law, 24, 123
Kirchhoff’s Laws, 648
Knuth, Donald, 158
Koopmans, T.C., 716
Kovalevsky, Sonya, 185

Laminar flow, law of, 151
Latus rectum, 727, 741
Law enforcement, use of mathematics for,

318
Law of Cooling, Newton’s, 346–347, 352
Law of Cosines, 476–483
Law of Forgetting (Forgetting Curve), 327,

364
Law of Gravity, 46, 121, 171, 359, 626
Law of laminar flow, 151
Law of Sines, 469–475
Law of the Lever, 70–71, 729
Law of the pendulum, 122
Laws of Exponents, 14–16, 302

for rational exponents, 19, 20
Laws of Logarithms, 325–331

LCD. See Least common denominator
(LCD)

Leading coefficients, 232, 235
Leading entry in row-echelon form, 652
Leading terms, 232

end behavior of polynomial and,
234–236

Leading variable, 655
Learning curve, 340
Least common denominator (LCD)

adding fractions, 5–6
using with rational expressions, 37–38

Least squares line, 640
Left-hand limits, 845, 853–854
Lemniscates, as polar graph, 552
Length, vectors, 580, 582, 583
Lens equation, 56
Leontief, Wassily, 810
Less than (�), 6
Lever, Law of the, 70–71, 729
Like terms, combining, 25
Limaçon, 551, 552
Limit Laws, 848–853

finding limits using, 852–853
limits at infinity and, 867

Limits, 839–888
derivative problems, 860–861
finding by direct substitution, 851–852
finding by using algebra and Limit Laws,

852–853
of a function, 840–848
instantaneous rates of change,

861–862
left- and right-hand limits, 853–854
Newton on, 859
special, 850–851
tangent line problems, 856–859

Limits, area problems, 839, 872–880
area defined, 876–879
area under a curve, 877–879
area under a graph, 884–886
estimating area using rectangles,

873–874
limit of approximating sums, 874–875
modeling with, 884–886

Limits at infinity, 865–869
defined, 865
finding, 867–868
functions with no limit at infinity,

868–869
at negative infinity, 866, 868

Limits of sequences, 869–870
defined, 869
finding, 870
limits of recursive sequences, 872

Linear and Quadratic Factors Theorem,
275

Linear depreciation, 117–118
Linear equations, 110–111. See also

Systems of linear equations
applying to rate of change, 113–115
graph of, 111

I6 Index
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solving, 45–46
two-intercept form of, 117

Linear factors, 275, 693–695
Linear fractional transformations, 279–280
Linear functions

composing, 198
constant rate of change, 176
defined, 153
graphs of, 159

Linear inequalities, 74, 706
graphing systems of, 706–707

Linearizing, 359–360
exponential data, 360
power data, 360

Linear programming, 716–722
guidelines for, 718
Karmarkar’s technique, 717

Linear speed, 438–439
Line of sight, 446
Lines, 106–118

of best fit, 130–135
family of, graphing, 113
general equation of, 110
parallel, 111–112
parametric equations for, 617–618
perpendicular, 112–113
point-slope form of equation of, 108–109
slope-intercept form of equation of, 109
slope of, 106–108
using slope to indicate rate of change,

113–115
vector equation of, 617
vertical and horizontal, 109–110

Lissajous figure, 568
Lithotripsy, reflection property used in,

738
LnReg command, in calculators, 366
Local extrema, of polynomials, 241–243,

246
Local maximum, 166–168, 241
Local minimum, 166–168, 241
loga, 315
Logarithmic equations, 334–336

applications of, 337–338
Logarithmic form, 315–316
Logarithmic functions, 301, 315–324

applications of, 347–350
common (base 10) logarithms, 319–320
family of, 317
graphs of, 317–19, 321
natural logarithms, 320–321
properties of, 316

Logarithmic model, 366
Logarithmic scales, 347–350
Logarithms, Laws of, 325–331
Logistic command, in calculators, 362,

366
Logistic curves (or logistic growth model),

312, 314, 362, 366
Logistic population growth, 837–838
Log-log plot, 360
Longbow curve, 570

Index I7

local, 166–168, 241
modeling with functions to find, 215–216,

228–229
maximum command, in calculators, 167, 168
Mean

arithmetic, 799–800
geometric, 806
harmonic, 799

Median, 93
Mersenne numbers, 786
Midpoint formula, 85
Mill, John Stuart, 181
Minima value, 225–227

local, 166–168, 241
modeling with functions to find, 217–218

minimum command, in calculators, 167
Minor axes, of ellipses, 734, 735
Minors, determinant of matrix, 682–683
Mixture problems, 62–63
Modeling. See also Mathematical models

with area, 59–61, 884–886
defined, 213
with equations, 57–72
exponential, 340–347, 357–358, 361
fitting sinusoidal curves to data, 427–432
force and velocity, 584–586
harmonic motion, 412–423
with linear equations, 113–115
with linear systems, 635–637, 645–646,

658–659
logarithmic, 347–350
with logistic functions, 362
path of a projectile, 575–578
with polynomial functions, 296–298
population growth, 301, 340–344,

357–358, 362
with power functions, 358–361
prey/predator models, 398, 431, 679
with quadratic functions, 228–229
with recursive sequences, 833–835
standing waves, 534–535
surveying, 489–492
traveling waves, 533–534
using linear programming, 716–722
using matrix equations, 678–670
vector fields, 624–627

Modulus of complex numbers, 556, 557
Monomials, 24, 233–234
Mortgage payments, 811–812

amortizing a mortgage, 814
MRI (magnetic resonance imaging), 759
Multiple angles, trigonometric functions of,

526–528
Multiplication

of algebraic expressions, 25–26
of complex numbers, 265, 558–559
of functions, 190, 191
of inequalities, 73
of matrices, 664–668
of polynomials, 25–26
of rational expressions, 36
of vectors by scalars, 580, 581, 583

Long division
partial fractions and, 697
of polynomials, 246–248

LORAN (LOng RAnge Navigation), 747
Lorentz Contraction Formula, 856
Lotka, Alfred J., 679
Lower bounds, 256–257, 259

Machine, function as, 143
Magnetic resonance imaging (MRI), 759
Magnitude

of an earthquake, 348–349
of gravitational force, 626
of a star, 330
of vectors, 580, 582, 604

Main diagonal, of matrices, 672
Major axes, of ellipses, 734, 735
Mandelbrot, Benoit, 804
Mathematical models, 57–72. See also

Modeling
constructing, 58–66
defined, 130
finding line of best fit, 130–135
functions as, 213–222
guidelines for, 57
guidelines for modeling functions, 215
logarithmic model, 366
measuring fit, 134–135
using inequalities, 78–79
variation, 118–121

Matijasevič, Yuri, 663
Matrices, algebra of, 661–672. See also

Determinants
applied to computer graphics, 668–669
determinants, 674, 682–693
equality of matrices, 661–662
identity matrices, 672–673
inverse of matrices, 672–677, 678
matrix equations, 667, 677–680
multiplication, 664–668
no Zero-Product Property for, 681
rotating images in plane, 765
rotation of axes formulas, 765
singular matrix, 677
square matrix, 672, 682–686
square roots of matrix, 672
stochastic matrices, 668
sum, difference, and scalar product,

662–663
transition matrix, 672, 679

Matrices, solving linear equations, 649–661
augmented matrix, 649, 650
elementary row operations, 650–651
Gaussian elimination, 651–654
matrix defined, 649
reduced row-echelon form, 652, 654–655
row-echelon form, 652–654, 655–658

Matrix equations, 667, 677–680
Maxima value, 225–227

of a fourth-degree polynomial function,
232

linear programming for, 716–722
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Multiplicative identity, 5
Multiplicities, zeros and, 240–241, 271–273
Musical note, vibrations of, 414

Napier, John, 319
Nash, John, 810
Natural exponential functions, 310–315
Natural logarithms, 320–321
Natural numbers, 2
Nautical mile, 441
Navigation

bearings, 478
Global Positioning System (GPS), 700
LORAN, 747

Negative exponents, 13, 15–16
Negative numbers, 4

square roots of, 266–267
Negative of image, 671
Newton, Sir Isaac, 575, 738, 745, 852, 859
Newton’s Law of Cooling, 346–347, 352,

837
Newton’s Law of Gravitation, 46, 121, 171,

359, 626
n-leaved rose, 550, 552
n! (n factorial), 823
Nodes, standing wave, 534–535
Noether, Emmy, 686
Nonlinear equations, 45

systems of, 698–703
Nonlinear inequalities, 74–77

graphing, 703–705
guidelines for solving, 75

Normal vector, 618
Notation

arrow, 278
exponential, 12–13, 16–17
limit of a function, 840–841
scientific, 16–17
set-builder, 6
sigma, 790–792
summation, 790–792
use in problem solving, P1

nth root, 18
of complex number, 560–562

Numbers
complex. See Complex numbers
converting sound, pictures, and text into,

30
imaginary, 264–265
inverse, 5
irrational, 2
negative, 4
ordered pair of, 83
prime, 786, 787
rational, 2
real. See Real numbers
reference, 373–375
representing functions with, 147, 148
significant digits in, 889

Numerators, 5
rationalizing, 40, 853

Numerical method to find trigonometric
ratios, 445

Objective function, 716, 717, 718, 719
Oblique asymptotes, 286–287
Oblique triangles, 469
Obtuse angle, 608
Octants, 598
Odd functions, 185–186, 190, 198
One-sided limits, 844–846, 853–854
One-to-one function, 199–200

finding inverse of, 202–203
Orbits. See Planetary orbits
Ordered pair, of numbers, 83
Ordered triple, 598
Origin (O), 6, 83, 542

hyperbola with center at, 742
symmetry with respect to, 90

Output, in function as machine, 143

�, value of, 383
Parabolas, 703, 723, 724–732

confocal, 757
constructing, 777, 778
equation of, 725
family of, 728
focal diameter of, 727, 728
focal point of, 729–730
geometric definition of, 724
graph of, 86
graph of shifted, 751–752
with horizontal axis, 726–727
latus rectum of, 727
as quadratic function, 224
sketching, 727–728
with vertical axis, 725–726

Parallax, 451
Parallelepiped, volume of, 614–615
Parallel lines, 111–112
Parallelogram, area of, 613–614
Parallel vectors, 609
Parameters, 56, 564, 565–566, 645
Parametric curve, graphing, 567–568
Parametric equations, 564–572

for cycloid, 567
eliminating parameter, 565–566
for a graph, 566
graphing parametric curves, 567–568
for a line, 617–618
for path of projectile, 575–578
plane curves and, 564–565
polar equations in parametric form, 568

Pareto, Vilfredo, 330
Pareto’s Principle, 330
Partial fraction decomposition, 693–697
Partial fractions, 693–698
Partial sums, of sequences, 789–790,

796–798, 802–803
Pascal, Blaise, 567, 818
Pascal’s triangle, 821–822, 824
Pattern recognition, P2, 808

Paulos, John Allen, 135
Pendulum, law of the, 122
Perfect square, 29, 30, 48
Perihelion, 740, 772
Perilune, 740
Period, 390

amplitude and, 391–393
harmonic motion and, 413

Periodic behavior, modeling, 412–418,
427–430

Periodic functions, 387, 394, 398
Periodic properties, 399
Periodic rent, 809
Perpendicular lines, 112–113
Phase shift, of sine and cosine curves,

391–393
pH scale, 348
Pi (�), value of, 383
Piecewise defined function, 145, 846

graphing, 155
limit of, 854

Plane(s)
bounded and unbounded regions, 707
complex, 555
coordinate, 1, 83–84, 598
as graph of linear equation in three

variables, 643
vector equation of, 618–619
vector fields in, 624–625

Plane curves, 564
Planetary orbits

eccentricities of, 738
Kepler’s description of, 24, 123, 754
perihelion and aphelion, 740, 772
power model for planetary periods, 358

Point-slope form of equation of a line,
108–109

Polar axis, 542
Polar coordinates, 541, 542–547

graphing polar equations, 547–554
relationship between rectangular

coordinates and, 543–544
Polar equations, 544–545

of conics, 765–772
family of, 552
graphs of, 547–554
in parametric form, 568

Polar form of complex numbers, 556–559
Pole. See Origin (O)
Polya, George, P1
Polynomial function, 223, 232–246

defined, 232
of degree n, 224, 232
as models, 296–298

Polynomials, 24
adding and subtracting, 25
of best fit, 296–298
defined, 232
degrees of, 24–25
dividing, 246–252
end behavior of, 234–236, 237

I8 Index
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factoring, 269–271, 272
family of, 242–243
graphs of, 233–243
guidelines for graphing, 237
local extrema of, 241–243
nested form, 252
product of, 25–26
real zeros of, 236, 253–263
Tchebycheff, 516
zeros of, 236–241, 250–251

Population growth, 301, 340–344, 357–358,
362

carrying capacity and, 362
logistic, 837–838

Position vector, 616
Power data, linearizing, 360
Power functions

compared with exponential functions,
305–306

graphs of, 154–155, 159
modeling with, 358–361

Powers
finding, using De Moivre’s Theorem,

559–560
formulas for lowering, 510

Predator/prey models, 398, 431, 679
Present value, 309

of an annuity (Ap), 810–811
Prime focus, 732
Prime numbers, 786, 787
Principal, compound interest and, 306
Principal nth root, 18
Principal square root, 17

of complex numbers, 266
of negative numbers, 266

Principle of Mathematical Induction,
816–819

Principle of Substitution, 27
Problem solving, principles, P1–P4
Products. See also Multiplication

of functions, 190, 191
inner, 664–665
of polynomials, 25–26
positive/negative, 74
scalar, 662, 663
sign of, 74

Product-sum formulas, 507, 512–514
Projectile

modeling path of, 50–51, 575–578
range of, 529

Projection laws, 481
Projection of vectors, 593–594
Prolate cycloid, 570
Proof

by contradiction, P2
mathematical induction and, 814–815

Proportionality, 119–121
constant of, 119, 120
direct, 119
inverse, 120
joint, 120–121

Index I9

instantaneous, 174, 861–862
slope as, 113–115, 173

Rational exponents, 19–20
Rational expressions, 35–44

adding and subtracting, 37–38
avoiding common errors, 41
compound fractions, 38–40
multiplying and dividing, 36–37
rationalizing denominator or numerator,

40
simplifying, 36

Rational functions, 277–292
asymptotes of, 280–288
graphing, 282–288, 291
inverse of, finding, 203
simple, 277–278
slant asymptotes and end behavior,

286–288
transformations, 279–280, 291–292

Rationalizing the denominator or numerator,
20–21, 40, 853

Rational numbers, 2
Rational zeros. See Real zeros, of

polynomials
Rational Zeros Theorem, 253–256, 273
Real axis, 555
Real number line, 6, 9
Real numbers, 1, 2–12

absolute values and distance, 8–9
Law of Exponents and, 302
natural numbers as, 2
order of (less than, greater than), 6
properties of, 3–6
real lines and, 6
sets and intervals, 6–8

Real part, of complex numbers, 264
Real zeros, of polynomials, 236, 253–263
Reciprocal functions, 159
Reciprocal identities, 381, 382, 457, 494
Reciprocal relations, 445
Reciprocals of inequalities, direction of

inequality and, 73
Rectangles, using to estimate area, 873–874
Rectangular coordinates, 541, 543–544
Recursive sequences, 786–788

limits of, 872
as models, 833–835

Reduced row-echelon form of a matrix, 652,
654–655

Reduction formulas, 386, 406
ref command, in calculators, 653
Reference angle, 454–456
Reference numbers, 373–375

finding value of trigonometric function
with, 380–381

Reflecting graphs, 182–183, 184, 317, 318
Reflection, total internal, 523
Reflection property

of ellipses, 738
of hyperbolas, 746
of parabolas, 729

Pure imaginary number, 264–265
Pythagoras, 219
Pythagorean identities, 382, 457, 494
Pythagorean Theorem, 219

Quadrantal angles, 452
Quadrants, of coordinate plane, 83
Quadratic equations, 46–51

complex roots of, 267–268, 269
exponential equation of quadratic type, 333
form of, 46
fourth-degree equation of quadratic type,

53
path of projectile modeled by, 50–51
solving by completing the square, 48
solving by factoring, 47
solving simple, 47
trigonometric equation of quadratic type,

521
Quadratic factors, 275

irreducible, 275, 695–697
Quadratic formula, 49–50

complex solutions and, 268
discriminant of, 50
using Rational Zeros Theorem and,

255–256
Quadratic function, 224–232

graphing, 224–225
maximum/minimum value of, 225–227
modeling with, 228–229
standard form of, 224–225

Quadratic inequalities, 75–76
Quasi-period, 418n
Quaternions, 611
Quotients, 247

difference quotients, 145
in division, 5
of functions, 190, 191
inequalities and, 77
positive/negative, 74

Radian measure, of angles, 434–435, 437
Radicals, 17–19

combining, 19
equations for, 52
nth root and, 18
using, with rational exponents, 19, 20

Radio, AM and FM, 395
Radioactive decay model, 345–346
Radioactive elements, half-lives of, 344–345
Radioactive waste, 346
Radiocarbon dating, 324, 333
Ramanujan, Srinivasa, 802
Range

finding from graphs, 163–164
of functions, 143
of an inverse function, 201
of a projectile, 529

Rate of change
average, 172–179, 861
constant, 176
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Refraction, angle of, 523
Refraction, Index of, 523
Regression line, 131–135, 640
Relations, reciprocal, 445
Relative growth rate, 342–344
Relativity, Theory of, 151, 575, 686
Remainders, 247
Remainder Theorem, 249–250
Repeating decimal, 2, 805
Resistance, electrical, 43, 288
Resultant force, 586
Rhind papyrus, 694
Richter, Charles, 348
Richter scale, 348–349
Right-hand limits, 845, 853–854
Right-hand rule, 613
Right triangles, 443–447

solving for angles in, 464–465
Right triangle trigonometry, 443–451

applications, 445–447
Rise, vs. run in slope, 106
Rivest, Ron, 284
Robinson, Julia, 663
Romanus, Adrianus, 383
Root functions, 159
Root-mean-square (rms) method, 417
Roots

complex, 267–268, 269
of complex numbers, 560–562
of equations, 44
of polynomial equations, 236
of unity, 277

Roses (polar curve), 550, 552, 628
Rotation of axes, 757–765

eliminating xy-term, 760–761
formulas, 758
graphing rotated conics, 761–762
matrix form of formulas, 765
rotating hyperbolas, 759

Rounding off, significant digits for, 889
Row-echelon form

of a matrix, 652–654, 655–658
reduced, 652, 654–655
solutions of a linear system in, 655–658
solving linear equations, 653, 655

Row transformations, of determinants,
685–686

rref command, in calculators, 655, 659
RSA code, 284
Rubik’s Tetrahedron, 616
Rule of Signs (Descartes’), 256
Rules, for inequalities, 73
Run, vs. rise in slope, 106

Scalar product, of matrices, 662, 663
Scalars, 580, 581
Scalar triple product, 614
Scatter plots, 130–135, 296, 357–358, 360

fitting sinusoidal curves to data, 427–432
Scientific notation, 16–17

Secant
formula for, 452
trigonometric ratios, 443

Secant function, 377
graphing, 400, 401, 403–404
inverse, 410
periodic properties, 399
secant curves, 403, 404
special values of, 378

Secant line, average rate of change as slope
of, 173

Sectors, circular, 438
Self-similar, fractals as, 804
Semi-log plot, 360
Semiperimeter, 479
Seq mode, calculators, 786
Sequences, 783–808

arithmetic, 794–800
convergent, 869
defined, 784
divergent, 869, 870
Fibonacci, 663, 787–788, 791, 794
finding terms of, 785–786, 801–802
geometric, 800–808
harmonic, 799
infinite series, 803–805
partial sums of, 789–790, 796–798,

802–803
properties of sums of, 792
recursive, 786–788, 833–835, 872
sigma notation of, 790–792

Sequences, limits of, 869–870
Series, infinite, 803–805
Set-builder notation, 6
Sets

as collection of objects, 6
unions and intersections, 7

Shamir, Adi, 284
Shanks, William, 383
Shifted conics, 750–757
Sieve of Eratosthenes, 787
Sight, line of, 446
Sigma notation, 790–792
Significant digits, 889
Signs, of trigonometric functions, 380,

454
Similarity, 462
Simple harmonic motion, 412–418, 533
Sine

addition and subtraction formulas for,
500, 501, 507

curves, 390, 394, 395, 429–430
double-angle formula for, 508, 760
formula for, 452
half-angle formula for, 510, 511
Law of, 469–475
product-to-sum formula for, 513
sum of sines and cosines, 504–505
sum-to-product formula for, 513
trigonometric ratios, 443

Sine function, 377
applications, 398
graphing, 386–388
graphing transformations of, 388–393
inverse, 406–408, 463
periodic properties of, 387
shifted curves, 391–392
special values of, 378

Singular matrix, 677
SinReg command, in calculators, 429
Sinusoidal curves, 390, 398

fitting to data, 427–432
Slant asymptotes, 286–287
Slope

indicating rate of change, 113–115, 173
of lines, 106–108

Slope-intercept form of equation of a line,
109

Slope of the line tangent to a curve,
857–858, 859

Smith, Edson, 786
Snell’s Law, 523
Solutions. See Roots
Sørensen, Søren Peter Lauritz, 348
Sound. See also Harmonic motion

intensity levels of, 320, 349–350
inverse square law for, 353

Special Product Formulas, 26–27, 34
Special Theory of Relativity, 575
Species, study of survival of, 672
Species-Area relationship, 330
Sphere

area of, 151
equation of, 600–601

Spiral, as polar graph, 552
Splines, polynomial curves, 223, 234, 238
Spring, vibrating, 413–415
Spring constant, 122, 421, 886
Square matrix, 672, 682–686
Square roots, 17–19

of matrices, 672
of negative numbers, 266–267
nth root and, 18

Squaring function, 143
Standard form, of equation of a circle, 88
Standard position, of angles, 435–437
Standing waves, 534–535
Stars, modeling brightness of, 415–416
Stefan Boltzmann Law, 171
Step functions, 156–157, 162
Stochastic matrices, 668
Streamlines of vector field, 627
Substitution, Principle of, 27
Substitution, trigonometric, 497–498
Substitution method

for solving linear systems, 630
for solving system of nonlinear equations,

698–699
using direct substitution for finding

limits, 851–852

I10 Index
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Subtraction
of complex numbers, 265
of inequalities, 73
of matrices, 662
overview of, 4
of polynomials, 25
of rational expressions, 37–38
of vectors, 581

Subtraction and addition formulas, 500–507
Summation notation, 790–792
Summation variable, 790
Sums

of cubes, 29, 30
of functions, 190, 191
of infinite geometric series, 804–805
limits of approximating, 874–875
of matrices, 662–664
partial sums of sequences, 789–790,

796–798, 802–803
of powers, 818
of sequences, properties of, 792
of sines and cosines, 504–505

Sum-to-product formulas, 513–514
Supplement of angle, 471
Surveying, 489–492

using triangulation for, 472
Symmetry, 90–91

tests for, 550–551
Synthetic division, 248–249
Systems of equations, 629, 630

elimination method for solving, 631–632
graphical method for solving, 632–633
modeling with, 635–637
substitution method for solving,

630–631
Systems of inequalities, graphing, 705–710.

See also Inequalities
linear inequalities, 706–707

Systems of linear equations
dependent and inconsistent, 633–635,

643–645
graph of, 643
modeling with, 635–637, 645–646,

658–659
several variables, 640–648
solutions of, 630
three variables, 689
two variables, 630–640, 687–688
using Cramer’s rule for solving,

686–689
writing as matrix equations, 667

Systems of nonlinear equations, 698–703

TABLE command, in calculators, 786
Tables, finding limits using, 841–842
Taking cases, P2
Tangent, 452, 514

addition and subtraction formulas for,
500, 507

double-angle formula for, 508

Index I11

of sine and cosine functions, 388–393
of tangent and cotangent functions,

401–403
Transition matrix, 672, 679
Transverse axes, of hyperbolas, 742,

743–745
Traveling waves, 533–534
Triangles

ambiguous case, 470–473, 475
area of, 458–459, 479–480, 614,

689–690, 692
Pascal’s triangle, 821–822, 824
right triangle trigonometry, 443–451
solving height problems, 61–62
solving oblique, 469
special, 444–445

Triangular form, of linear systems, 641
Triangulation

in Global Positioning System (GPS), 700
for surveying, 472

Trigonometric equations, 493, 517–529
on an interval, solving, 465

Trigonometric functions, inverse, 406–412,
462–469

evaluating expressions involving,
502–504, 512

Trigonometric functions, of angles, 433–492
defined, 452
reference angle and, 454–456
relationship to trigonometric functions of

real numbers, 379, 453
signs of, 454

Trigonometric functions, of real numbers,
369–432

defined, 377
domains of, 380
even-odd properties, 382
relationship to trigonometric functions of

angles, 379, 453
signs of, 380
trigonometric identities, 381, 382–384
unit circle, 370–377
values of, 380–382, 400

Trigonometric graphs, 386–406
of cosecant and secant functions, 399,

400–401, 403–404
graphing devices used for, 393–395
of sine and cosine functions, 386–388
of sum of sine and cosine, 505
of tangent and cotangent functions,

399–403
Trigonometric identities, 493, 494–500

of angles, 456–458
fundamental, 382–384, 457, 494
proving, 495–498
of real numbers, 381, 382–384
simplifying trigonometric expressions,

494–495
solving trigonometric equations by using,

524–526

half-angle formula for, 510, 511
to parabola, 777, 779
trigonometric ratios, 443

Tangent function, 377
graphing, 399–403
inverse, 409–410, 463
periodic properties, 399
special values of, 378
tangent curves, 401–403

Tangent line, 856–859
defined, 858
to a hyperbola, finding, 858–859

Taussky-Todd, Olga, 668
Taylor, Brook, 400, 796
Tchebycheff, P.L., 516
Tchebycheff polynomials, 516
Terminal points

reference numbers and, 373–375
on unit circle, 370–373
of vectors, 580

Terminal side, of angles, 434
Terminal velocity, 313
Terms

combining like, 25
of polynomial, 24, 25

Terms, of sequences
defined, 784
finding, 785–786, 795–796, 798,

801–802, 826
for recursive sequences, 787

Test points, graphing, 237, 238, 704
Test values for intervals, 75–76
Tetrahedron, 609

Rubik’s Tetrahedron, 616
Thales of Meletus, 447
Theodolite, 472
Theory of Relativity, 151, 575, 686
Three-dimensional coordinate geometry,

597–603
distance formula in, 599–600
equation of a sphere, 600–601
equations of lines in, 616–618
equations of planes in, 618–619
three-dimensional rectangular coordinate

system, 598–599
vector fields in space, 625–626
vectors in, 603–610

Tide, modeling height of, 427–430
Torricelli’s Law, 151, 206, 300
Total internal reflection, 523
TRACE command, in calculators, 101, 167,

707, 842
Trace of sphere in a plane, 601
Transformations

of cosecant and secant functions,
403–404

of exponential functions, 305, 311
of functions, 179–190
of monomials, 233–234
of rational functions, 279–280, 291–292
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Trigonometric ratios, 443–444, 445, 446,
452

Trigonometric substitution, 497–498
Trinomials, 24

factoring, 28–29
Triple-angle formula, 509
Trochoid, 570
Tsu Ch’ung-chih, 383
Turing, Alan, 100, 182
Two-intercept form of equation of a line,

117
Two-sided limits, 845, 853

Unbounded regions, of planes, 707
Unbreakable codes, 284
Unions

of intervals, 8
of sets, 7

Unit circle, 370–377
points on, 370
reference numbers, 373–375, 380–381
terminal points, 370–373

Unit vector, 583, 609–610
Universal machine, 182
Upper and Lower Bounds Theorem, 257,

258–259
Upper bounds, 256–257, 258

Value of f at x, 143
Variables

correlation of, 134–135
defined, 24
dependent and independent, 143
leading, 655
in linear systems, 630–648
summation, 790

Variation, modeling, 118–121
direct, 119
inverse, 120
joint, 120–121

Variation in sign, 256
Vector fields

flow lines (or streamlines) of, 627
gravitational, 626
modeling, 624–627

Vectors, 579–628. See also Dot product
algebraic operations on, 582–583, 604
analytic description of, 581–584
angle between, 591, 606
calculating components of, 593

component form of, 581–582, 603
coplanar, 614–615
cross product of, 610–616
direction angles of, 606–608
direction of, 580, 581, 584, 592–593, 613
dot product of, 589–592, 605
equations of lines, 616–618
equations of planes, 618–619
expressing in terms of i, j, and k, 605
expressing in terms of i and j, 583–584
geometric description of, 580–581
horizontal and vertical components, 581,

584
magnitude, 580, 582, 604
modeling velocity and force, 584–586
normal, 618
orthogonal, 591–592, 594, 606, 611–612
parallel, 609
perpendicularity, checking for, 592, 606
perpendicular to plane, finding, 612
properties of, 583
in space, 603–610
unit, 583, 609–610
use of, 580
wind as, tacking against, 579, 597
zero, 580, 583

Velocity
estimating, 864
instantaneous, 862
modeling, 584–586
terminal, 313
of traveling waves, 533–534

Vertical asymptotes, 279, 280–288,
399–401, 844

Vertical axes, of parabolas, 725–726
Vertical lines, 109–110
Vertical line test, 157
Vertical shifts, graphs, 179–180, 182
Vertical stretching and shrinking, graphs,

183–184
Vertices

of ellipses, 734, 735
of feasible region, 717, 719
of hyperbolas, 742, 745–746
of parabolas, 224, 724
of systems of inequalities, 705–706
x-intercepts and, 232

Viète, François, 49, 462
Viewing rectangle, of graphing calculator,

96–97

Voltage, measuring, 417
Volterra, Vito, 679
Von Neumann, John, 174, 182

Wankel, Felix, 571
Wavelet theory, 30
Waves

standing, 534–535
traveling, 533–534

Weather prediction, 632
Weber-Fechner Law, 349
Whispering galleries, reflection property

used in, 738
Witch of (Maria) Agnesi (curve), 571
Words, representing functions with, 147,

148
Work, 595

calculating with dot product, 594–595
modeled by area, 884–886

x-axis, 83, 90, 598
x-coordinate, 83
x-intercepts, 87

graphing rational functions and, 283–288
vertex and, 232

xy-plane, 598
xz-plane, 598

y-axis, 83, 90, 598
y-coordinate, 83
y-intercepts, 87, 88

graphing rational functions and, 283–288
yz-plane, 598

z-axis, 598
Zero(s)

additive identity, 4
complex, 269–277
Factor Theorem and, 250–251
multiplicities and, 240–241, 271–273
of polynomials, 236–241, 250–251
Rational Zeros Theorem, 253–256, 273
real, 236, 253–263

Zero exponents, 13
Zero-Product Property, 47, 521
Zeros Theorem, 271
Zero vector, 580, 583
ZOOM feature, in calculators, 842
ZSquare command, in calculators, 98
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SEQUENCES AND SERIES

Arithmetic

a, a � d, a � 2d, a � 3d, a � 4d, . . .

an � a � �n � 1�d

Sn � �
n

k�1

ak � �
n
2

� 	2a � �n � 1�d 
 � na�a �

2
an�b

Geometric

a, ar, ar 2, ar 3, ar 4, . . .

an � ar n�1

Sn � �
n

k�1

ak � a �
1
1

�

�

r
r

n

�

If ⏐r ⏐ � 1, then the sum of an infinite geometric series is

S � �
1 �

a
r

�

THE BINOMIAL THEOREM

1a � b2 n � Q Ran � Q Ran�1b � . . . � Q Rabn�1 � Q Rbn

FINANCE

Compound interest

A � Pa1 � �
n

r
�bnt

where A is the amount after t years, P is the principal, r is the
interest rate, and the interest is compounded n times per year.

Amount of an annuity

Af � R �
11 � i

i
2n � 1
�

where Af is the final amount, i is the interest rate per 
time period, and there are n payments of size R.

Present value of an annuity

Ap � R �
1 � 11

i
� i 2�n

�

where Ap is the present value, i is the interest rate per 
time period, and there are n payments of size R.

Installment buying

R � �
1 � 1

i
1
A
�

p

i 2�n�

where R is the size of each payment, i is the interest rate per
time period, Ap is the amount of the loan, and n is the number
of payments.

n
n

n
n � 1

n
1

n
0

CONIC SECTIONS

Circles

1x � h2 2 � 1y � k2 2 � r 2

Parabolas
x 2 � 4py y 2 � 4px

Focus 10, p2 , directrix y � �p Focus 1p, 02 , directrix x � �p

y � a 1x � h22 � k, y � a 1x � h2 2 � k,
a � 0, h � 0, k � 0 a � 0, h � 0, k � 0

Ellipses

�
a

x2

2� � �
b

y2

2� � 1
x2

b2�� �
y2

a2�� � 1

Foci 1	c, 02 , c2 � a2 � b2 Foci 10, 	c2 , c2 � a2 � b2

Hyperbolas

�
a

x2

2� � �
b

y2

2� � 1 �
x2

b2�� �
y2

a2�� � 1

Foci 1	c, 02 , c2 � a2 � b2 Foci 10, 	c2 , c2 � a2 � b2

a

b

_a

_b

b

a

_b

_a

_c c

c

_c

x

y

x

y

a>b

b

a

_b

_a

c

_c

a>b

a

b

_a

_b

c_c x

y

x

y

0

y

x

(h, k)

0

y

x

(h, k)

y

x

p>0

p<0

y

x

p>0p<0

p

p

0

C(h, k)

r

x

y
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SPECIAL TRIANGLES

GRAPHS OF THE TRIGONOMETRIC FUNCTIONS

SINE AND COSINE CURVES

y � a sin k 1x � b2 1k � 02 y � a cos k 1x � b2 1k � 02

amplitude: ⏐a⏐ period: 2��k phase shift: b

GRAPHS OF THE INVERSE
TRIGONOMETRIC FUNCTIONS
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TRIGONOMETRIC FUNCTIONS
OF REAL NUMBERS

sin t � y csc t � �
1
y

�

cos t � x sec t � �
1
x

�

tan t � �
y

x
� cot t � �

x
y

�

TRIGONOMETRIC FUNCTIONS OF ANGLES 
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SPECIAL VALUES OF THE
TRIGONOMETRIC FUNCTIONS
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FORMULAS FOR REDUCING POWERS
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FUNDAMENTAL IDENTITIES
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